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Directed triple systems are an example of block designs on directed graphs. 
A block design on a directed graph can be defined as follows. Let G be a directed 
graph of k vertices which contain no loops. Let S be a set of v  elements. A 
collection of k-subsets of S with an assignment of the elements of each k-subset 
to the vertices of G is called a block design on G of order v  if the following 
is satisfied. Any ordered pair of elements of S is assigned h times to an edge of G. 
For example, if S = {a, b, c, d, e} and G = t+-“-+f and bae; cad; abc; dbe; 
acd; bee; adb; cde; aed; bet: is a collection of 3-subsets so written that in each 
subset the first element is assigned to the vertex 1, the second to 2, and the third 
to 3, then the collection is a block design on G with h = 1. 
In this paper, it is shown that for the graph 
2 
/L 
1 .f-. 3 \ 
if h = 1, then the graph exists for all v  such that v  + 2 mod 3. 
1. INTRODUCTION 
Directed triple systems are an example of block designs on directed 
graphs. A block design on a directed graph can be defined as follows: Let 
G be a directed graph of k vertices which contains no loops. Let S be 
a set of v elements. A collection of k-subsets of S with an assignment of 
the elements of each k-subset to the vertices of G is called a block design 
on G of order v if the following is satisfied. Any ordered pair of elements 
of S is assigned X times to an edge of G. For example, if S = {a, b, c, d, e} 
and G = 1~3-3 and bae; cad, abc; dbe; acd; bee; adb; cde; aed; bet; 
is a collection of 3-subsets so written that in each subset the first element 
is assigned to the vertex 1, the second to 2, and the third to 3, then the 
collection is a block design on G with h = 1. 
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In [l], it has been shown that, for the graph 
the design exists for all u such that v + 2 mod 3 with the exceptions 
v = 1 and v = 6 (for technical reasons it is better to consider v = 1 as 
a non-exception). Such block designs are called cyclic triple systems (or 
generalized triple systems). Algebraically such cyclic triple systems corre- 
spond to a variety of quasigroups with identities x2 = x and x(yx) = y. 
In this paper we investigate designs on the graph G given by 
Ai 
1 .f ; 1. 3 - 
Such designs we designate as directed triple systems if h = I. 
2. DIRECTED TRIPLE SYSTEMS 
Suppose that there is a directed triple system of order v. If we consider 
the triples of the system without reference to the graph G we obtain an 
associated BIBD with parameters, v, k = 3, h = 2, b = v(v - 1)/3, and 
r = v - 1. If this associated BIBD has no repeated blocks we say that 
the directed triple system is pure. When we write a triple with square 
brackets as [a, b, c] we mean that, in the graph G, a is assigned to the 
vertex 1, b to the vertex 2, and c to the vertex 3, and hence the triple 
[a, b, c] will be said to contain the ordered pairs ab, UC, bc. In a cyclic 
triple system we will use the notation (a, b, c} and say the triple (a, b, c} 
contains the ordered pairs ub, bc, and cu. It is clear then that (a, b, c} = 
{b, c, a} = {c, a, b} but a corresponding result does not hold for directed 
triples. Suppose that {a, b, c} and {b, a, d} are two cyclic triples. Then it 
is obvious that the directed triples [b, c, a] and [a, d, b] contain the same 
ordered pairs as do the cyclic triples. Hence, we have proved the following 
lemma: 
LEMMA 1. Let S be a cyclic triple system of order v. Suppose that the 
blocks of S can be paired in such a way that in each pair of blocks one block 
contains an ordered pair ab and the second an ordered pair bu. Then the 
same blocks can be used to form a directed triple system of order v. In this 
case we sa.v that the directed triple system is derivedfrom the cyclic triple 
system. 
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There are various methods by which directed triple systems may be 
derived from cyclic triple systems. Besides pair replacement we can 
replace a set of three cyclic triples by three directed triples. In fact, the 
set of cyclic triples {a, b, c}, {a, e, b}, and {a, c, d} contain the same ordered 
pairs as the set of directed triples [6, a, c], [a, e, 61, and [c, d, a]. In what 
follows, our directed triple systems will be derived by a combination of 
pair replacements and replacements of sets of three triples. 
LEMMA 2. If v L 1 or 3 mod 6 there is a directed triple system of 
order v. 
Proof. Let S be a Steiner triple system of order v. To each block abc 
of S take the two blocks [abc], [&a]. This collection of blocks forms a 
directed triple system of order D. 
It is known [I] that there is no cyclic triple system of order 6. However, 
the directed triple system of order 6 exists as the following example 
shows. We use the triples [l 2 31, [2 1 41, [3 2 51, [4 2 61, [4 1 51, [5 3 41, 
[3 1 61, [6 4 31, [5 6 11, [6 5 21. This example also has the property that 
it is pure. 
In what follows, we will be interested in directed triple systems which 
are derivable from cyclic triple systems. However, in all cases the results 
are more generally applicable to all directed triple systems. The reason 
is based on the following observation: Let S be a set and T a subset. 
Let S* be the collection of directed triples of a directed triple system on S 
and suppose that T* is a subcollection of S* consisting entirely of directed 
triples of elements from T and such that T* is a directed triple system. 
Let T** be any other directed triple system on the elements of T. Then 
S** zzz (S* - T*) (J T** is a directed triple system on S. We call this 
the replacement of T* by T** in S*. 
3. EMBEDDING THEOREMS 
THEOREM 1. Let S be a cyclic triple sustem on v elements from which 
a directed triple system can be derived. Then there exists a cyclic triple 
system on 2v + 1 elements from which a directed triple system can be 
derived. 
Proof. Let (1, 2, 3,..., v} be the set elements on which S is a cyclic 
triple system and let elements {v + 1, v + 2,..., 2v + l} be a set of v + I 
new elements. We consider {v + 1, v + 2,..., 2v + l} as a complete set 
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of residues mod v + 1. To the cyclic triple system S adjoin the cyclic 
triples 
(1, u + 6 u f i + 11, i = 1, 2 ,..., v $ 1, 
(2, u + i, v + i + 4, i = 1, 2,. . ., v + I, 
{k, v + i, u + i + k), i = 1, 2,. . ., v + 1, 
{v, u + i, 2% + 4, i = 1, 2,. .., v + 1. 
Case 1. v even. Consider the triples of types {k, v + i, v + i + k) 
and{v+l-k,v+j,2v+l+j-k}.Bychoosingj=k+iweobtain 
cyclic triples {k, v + i, v + i + k} and {v + 1 - k, v + i + k, v + i}. 
These may be replaced by directed triples [v + i + k, k, v + i] and 
[v + i, v + 1 - k, v + i + k]. As k ranges from 1 to v/2 and i from 1 
to v + 1 we obtain a complete replacement of cyclic triples by directed 
triples. 
Case 2. v odd. The proof is the same as for v even but we call 
attention to the set of cyclic triples 
(‘>+ 1 1 2 , v + i, 
3~7 + 2i + 1) 
= 2 i’ i 1, 2 ,..., v + 1. 
Pairing the triples corresponding to i and i + (v + 1)/2, we obtain cyclic 
triples 
and \“+I 3v+2i+1,L,+i/ 
(2’ 2 
and the corresponding directed triples 
[ 
c + 1 30 + 2i + 1 
v -j- i, __ 
2 ’ 2 1 and [ 3v+2i+l v+l 2 ,- 2 , v + i I 
This indicates that when v is odd the extended triple system is not pure. 
COROLLARY. Any directed triple system on v elements can be embedded 
in a directed triple system on 2v + 1 elements. If v is even and the original 
system is pure then the embedding system so constructed is pure. (Note 
that this includes the embedding of a system on 6 elements in one on 13 ele- 
ments even though the cyclic system on 6 elements does not exist.> 
THEOREM 2. Let S be a cyclic triple system on v elements from which 
a directed triple system can be derived. Then S can be embedded in a cyclic 
system on 2v + 4 elements from which a directed triple system can be 
derived. 
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Proof. Let the system be on elements 1, 2 ,..., v and let u + 1, v + 2 ,..., 
2v + 4, be new elements. Add the cyclic triples, {k, v + i, v + k + 2 + i}, 
i = I, 2 ,..., v + 4, k = 1, 2,.. . , v - 2, (here the second and third com- 
ponents are taken mod(v + 4) among the residues v + 1, o + 2,..., 2v + 4, 
{v - 1, v + i, 2v + i + 2}, i = 1, 2 ,..., v + 4, and second and third 
components taken mod(v + 4) among residues ZI + 1, v + 2,..., 20 + 4, 
(21, 2, + i, v + i - l}, i = 1, 2 ,..., u i- 4 (second and third compo- 
nents taken mod (v + 4) among residues u + 1, v + 2,..., 2u + 4), 
{v + i, u + i + 1, v + i + 3}, i = 1, 2 ,..., 2v + 4, and all components taken 
mod v + 4 among residues v + 1, v + 2 ,..., 2v + 4. Fork = 2, 3,4 ,..., [v/2] 
we can pair the triples which start with k with those which start with u - k 
as follows. The triples starting with k are of form {k, u + i, v + i + k + 2). 
The triples starting with v - k, are of form {v - k, v + i + k + 2, L) + i}. 
The corresponding pairs of directed triples are [v + i + k + 2, k, v + i] 
and [v + i, v - k, v + i + k + 21. We are now left with four sets of 
triples, namely, 
S, = (1, v + i, v + i + 3}, i = 1, 2 ,..., v + 4 (second and third compo- 
nents in range v + 1, to 2v + 4 mod v + 4); 
SUe1 = {v - 1, v + i, v + i - 21, i = 1, 2 ,..., v + 4 (second and third 
components in range u + 1 to 221 + 4 mod v + 4); 
S, = (0, v + i, u + i - l), i = I, 2 ,..., v + 4 (second and third compo- 
nents in range v + 1 to 2u + 4 mod v + 4); and 
S = {v + i, v + i + 1, 2) + i + 3}, i = 1, 2 ,..., v + 4 (all components in 
the range v + 1 to 21 + 4 mod u + 4). 
We now distinguish 4 cases. 
Case 1. v = 3 mod 4. Pair the triples of S, with 3 by pairing 
(1, v + i, v + i + 3) with {u + i, v + i + 1, v + i + 3) for all i except 
that (1, 2v + 4, v + 3) is not paired with (2v + 4, v + 1, v + 3) and 
(1, 2v + 1, 2v + 4) is not paired with (2~ + 1, 2v + 2, 2v + 4). 
Pair the triples of S,-, among themselves as follows: The triple 
(v-11,2u+4,2v+2) is not paired; the triple (v-l,u+1,2~+3) 
is paired with {v - 1, 2v + 3, 2u + I}. There remain triples associated 
with values of i = 2, 3,..., v + 2. Since v = 3 mod 4 the number of these 
values is v + 1 = 0 mod 4. 
Divide the values of i into consecutive sets of four, e.g., 2, 3, 4, 5; 
6, 7, 8, 9; etc. In each set of four values of i pair the triples associated 
with the first and third value and those associated with the second and 
fourth values. 
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Pair the triples of S, as follows. Leave the triple (21, u + 1, 20 + 4} 
unpaired. For even i, i = 2, 4, 6 ,..., 2v + 3, pair the triples {v, v + i, 
v+i-l}and{v,v+i+l,v+i}. 
Now all triples have been paired except the following (we have written 
these cyclically with 2v + 4 first): (2v + 4, v + 3, l}, (2v + 4, v, v + l}, 
(2v + 4, v + 1, v + 3) and (221 + 4, 2v + 1, 2v + 2}, (2v + 4, 1, 2v + l}, 
(2~ + 4, 2v + 2, v - 1). Triple replacement is now used on the first 
three and the second three triples. 
Case 2. v = 1 mod 4. This is the same as v = 1 mod 4 except for the 
pairing of elements of S,-, . In this case we leave {v - 1, 2v + 4, 2v + 2) 
unpaired and the values of i = 1, 2, 3,..., 2v + 3 are divided in sets of 
four 1, 2, 3, 4; 5, 6, 7, 8; etc. and in each set the triples corresponding to 
the first and third and the second and fourth values of i are paired. 
Case 3. v = 0 mod 4. The pairing is exactly the same as the case 
v - 3 mod 4 except that no triples are left unpaired. 
Case 4. v = 2 mod 4. The pairing of triples is the same as in previous 
cases except that in S1 and 3 the pairs (1, 2v, 2v + 3}, {2v, 2v + 1,2v + 3) 
and { 1,2v + 1,2v + 4}, (2v + 1,2v + 2,2v + 4) are not matched and 
in SeeI the triples {v - 1, 2v + 3, 2v + 1} and {v - 1, 2v + 3, 2v + 4) 
are omitted from pair matchings. This leaves unpaired (1, 20, 2v + 3}, 
{o-lI,2v+3,2v+1), {2v,2v+1,2v+3) and {1,2v+1,2~+4}, 
{v - I, 2v + 4, 2v + 31, (2v + 1, 2v + 2, 2v + 4). We then apply the 
replacements to each of these two sets of three triples. 
COROLLARY. A directed triple system on v elements can be embedded 
in a directed triple system on 2v + 4 elements. 
THEOREM 3. Let S be a cyclic triple system on v elements where v = 1 
mod 3, from which a directed triple system can be derived. Then S can be 
embedded in a cyclic tripIe system on 2~1 + 2 elements from which a directed 
triple system can be derived. 
Proof. Let S be on 1, 2,..., v and add elements v + 1, v + 2 ,..., 2v + 2. 
The number zl + 2 of added elements is divisible by 3. Adjoin the following 
sets of triples: 
S, = {I, v + i, v + i + l}, i = I, 2 ,..., v + 2; second and third compo- 
nents in range v + 1, to 20 + 2 mod v + 2. Fork = 2, 3 ,..., v - 1, 
SIC = {k, v f i, v + i + k + I}, i = 1, 2 ,..., v + 2; second and third com- 
ponents in range v + I to 2v + 2 mod z’ + 2. 
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S,, = {v, u + i, v + i - I>, i = 1, 4, 7 ,..., v; second and third components 
in the range v + 1 to 2v + 2 mod v + 2: 
= {v, v + i, v + i $ 21; i in range 2 to v + 2 and i $ 1 mod 3; and 
second and third components in range v + 1 to 2v + 2 mod v + 2. 
S = {v + i, v + i + 2, v + i + l}, i = 1, 4, 7 ,..., v; all components in 
range v + 1 to 2v + 2 mod v + 2. 
The sets S, , k = 2, 3,..., v - 2, are matched by matching S, with SVek 
using the pairing {k, v + i, v + i + k + l} with {v - k, v + i + k + 1, 
v + l-1. 
The sets S, , s,-, , S, , and 3 are matched into pairs and sets of three 
as follows: 
(a) Sets of three using a triple from S together with two triples of Sr ; 
{1,v+1,v+i+l},{l,v+i+~,u+i+2},{v+i,u+i+2,v+i+1~ 
for i = 1, 4, 7, 10 ,..., 0. 
(b) Pairs consisting of a single triple from S, and a single triple from 
S,;{l,v+i,v+i+I}and{v,v+i+l,v+i)fori=3,6,9 ,..., v+2. 
(c) Pairs consisting of two triples from S, ; (v, v + i, u + i + 2}, 
(21, v + i + 2, v + i + 4) for i = 3, 6, 9 ,..., v. 
(d) Sets of three using triples from S,-r ; {v - 1, v + i, 2v + i}, 
(v - 1, 2v + i, 2v + i - 2), {v - 1, v + i + 2, v + i} for i = 3, 6, 9 ,..., 
2v + 2. 
This results in a complete matching. 
COROLLARY. If v = 1 mod 3 a directed triple system on v elements 
can be embedded in one on 2v + 2 elements. 
THEOREM 4. A directed triple system on v elements exists for all positive 
integral v except v = 1 or v = 2 mod 3. 
Proof. No system on v elements can exist if v = 2 mod 3 since the 
corresponding BIBD parameters would not all be integral. By Lemma 2, 
the directed triple system exists for v = 1 or 3 mod 6. If v = 4, the 
triples [I, 4, 21, [2, 3, 11, [4, 1, 31, [3, 2, 41 form a directed triple system. 
If v = 6, the example in Section 2 shows that the system exists. There 
remain the general cases v - 0 mod 12, v = 4 mod 12, v = 6 mod 12, 
v z 10 mod 12. We use induction and Theorems 2 and 3: 
Case 1. v = 0 mod 12. Here v = 12~ = 2{6(u - 1) + 4) + 4 and 
the result follows from Theorem 2. 
Case2. vs4mod12. Thenv=4+12Lr=2(6~+1)+2andthe 
result follows from Theorem 3. 
DIRECTED TRIPLE SYSTEMS 317 
Case 3. u = 6 mod 12. Then 1~ = 6 + 12~ = 2(6u + 1) + 4 and the 
result follows from Theorem 2. 
Case 4. ZJ = 10 mod 12. Then v = 10 + 12~ = 2(6u + 4) + 2 and 
the result follows from Theorem 3. 
COROLLARY. For all ZJ, v f 1, v # 6, v + 2 mod 3 a directed triple 
system on v elements exists which is derivable ,from a cyclic triple system. 
Proof. The only case to which the above proof does not apply is 
21 - 16 = 2(6) + 4 since no cyclic triple system on six elements exists. 
For v = 16 the following example completes the proof. In this example 
the paired triples are separated by semicolons: 
U,2, 31, (2, 1,4); (3, 4, 11, (4, 3, 21; (5, 6, 71, 16, 5, 81; (7, 8, 51, (8, 7, 6); 
(9, 10, ll}, (10, 9, 12}; (11, 12, 9>, (12, 11, 10); (13, 14, 15}, 
(14, 13, 16); (15, 16, 13}, (16, 15, 14); 
(1, 5, 91, (5, 1, 13); (9, 13, 11, (13, 9, 5); (2, 6, 1% (6, 2, 14); (10, 14,2}, 
114, 10,6); 
(3, 7, ll>, (7, 3, 151; (11, 15, 31, (15, 11, 7); (4, 8, 12), {8,4, 16); (12, 16,4}, 
U6, 12, 8); 
U,6, 111, (6, 1, 161; (11, 16, 11, (16, 11, 6); (1, 7, 121, (7, 1, 14); (12, 14, l}, 
(14, 12, 7); 
kg, 1% 0% 1, 151; (1% 15, 11, (15, 10, 81; (2, 5, 1% (5,2, 15>; (12, 15,2}, 
(15, 12,5>; 
(2, 7, 9L {7,2, 16); (9, 16,2L (16, 9, 7); (2, 8, 111, (8, 2, 13); (11, 13,2}, 
(13, 11, 81; 
(3, 5, 1% (5, 3, 16); 00, 16, 31, (16, 10, 5); (3, 6, 12), (6, 3, 13); (12, 13, 3}, 
il3, 12, 6); 
(3, 8, 91, (8, 3, 14); (9, 14, 3), (14, 9, 81; (4, 5, 111, {5,4, 14); (11, 14,4}, 
(14, 11, 51; 
{4,6,9>, (634, 151; (9, 15,4), U5,9, 6); (4, 7, lo>, {7,4, 13); (10, 13,4}, 
(13, 10, 7). 
4. REMARKS ON PURE SYSTEMS 
The embedding theorems of the previous section do not necessarily 
produce pure systems from pure systems. Only embeddings given by our 
constructions are considered. We summarize the results here. In embedding 
58=/14/3-4 
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a pure system on u elements into one of 2v + 1 elements the resultant 
system is pure, if and only if u is even. Our embedding of a system on 
v elements onto one of 2v + 2 elements is pure if and only if v is odd. 
Our embedding of a system on v elements into one on 20 + 4 elements 
is pure if and only if u is odd. 
There is a construction which always yields a pure system in cases 
v=p,pprimeandp=1mod3andv=p2,pprimeandp-2mod3. 
The proof is based on Theorems 6, 7, and 9 of [I]. Details are omitted. 
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